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In this paper we generalize so{called Jaynes{Cummings Hamiltonian by making
use of some operators based on Lie algebras su(1,1) and su(2), and study a math-
ematical structure of Rabi floppings of these models in the strong coupling regime.
We show that Rabi frequencies are given by matrix elements of generalized coherent
operators under the rotating{wave approximation.
In the rst half we make a general review of coherent operators and generalized
coherent ones based on Lie algebras su(1,1) and su(2). In the latter half we carry out
a detailed examination of Frasca (quant{ph/0111134) and generalize his method,
and moreover present some related problems. Lastly we make a brief comment on
application to Holonomic Quantum Computation.
∗E-mail address : fujii@yokohama-cu.ac.jp
1 Introduction
Coherent states or generalized coherent states play an important role in quantum physics,
in particular, quantum optics, see [1] and [2]. They also play an important one in math-
ematical physics. See the textbook [3]. For example, they are very useful in performing
stationary phase approximations to path integral, [4], [5], [6].
Coherent operators which produce coherent states are very useful because they are
unitary and easy to handle. The basic reason is probably that they are subject to the
elementary Baker-Campbell-Hausdor (BCH) formula. Many basic properties of them
are well{known, see [3] or [10].
Generalized coherent operators which produce generalized coherent states are also
useful. But they are not so easy to handle in spite of having the disentangling one
corresponding to the elementary BCH formula. In [9] and [16] the author determined
all matrix elements of generalized coherent operators based on Lie algebras su(1,1) and
su(2). They are interesting by themselves, but moreover have an interesting application.
In [14] Frasca treated so{called Jaynes{Cummings model which describes a two{level
atom interacting with a single radiation mode (see [12]) in the strong coupling regime (not
weak coupling one) and showed that Rabi frequencies are obtained by matrix elements
of coherent operator under the rotating{wave approximation. His aim was to explain the
recent experimental nding on Josephson junctions [13]. By the way, his method can be
widely generalized.
In this paper we generalize Jaynes{Cummings Hamiltonian by making use of some
operators based on Lie algebras su(1,1) and su(2), and study a mathematical structure of
Rabi floppings of these extended models in the strong coupling regime.
We show that (generalized) Rabi frequencies are also given by matrix elements of
generalized coherent operators under the rotating{wave approximation. We believe that
the results will give a new aspect to Quantum Optics.
Lastly we discuss an application to Holonomic Quantum Computation, but our dis-
cussion is not complete.
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2 Coherent and Generalized Coherent Operators
2.1 Coherent Operator
Let a(ay) be the annihilation (creation) operator of the harmonic oscillator. If we set
N  aya (: number operator), then
[N, ay] = ay , [N, a] = −a , [ay, a] = −1 . (1)
Let H be a Fock space generated by a and ay, and fjnij n 2 N [ f0gg be its basis. The
actions of a and ay on H are given by
ajni = pnjn− 1i , ayjni = pn+ 1jn+ 1i , N jni = njni (2)






These states satisfy the orthogonality and completeness conditions
hmjni = δmn ,
1∑
n=0
jnihnj = 1 . (4)
Let us state coherent states. For the normalized state jzi 2 H for z 2 C the following
three conditions are equivalent :
(i) ajzi = zjzi and hzjzi = 1 (5)





jni = e−jzj2/2ezay j0i (6)
(iii) jzi = ezay−zaj0i. (7)






whenever [A, [A,B]] = [B, [A,B]] = 0, see [1]. This is the key formula.
2
Definition The state jzi that satises one of (i) or (ii) or (iii) above is called the coherent
state.








jnihnj = 1 , (9)
where we have put [d2z] = d(Rez)d(Imz) for simplicity.
Since the operator
U(z) = eza
y−za for z 2 C (10)
is unitary, we call this a coherent (displacement) operator. For these operators the fol-
lowing properties are crucial. For z, w 2 C
U(z + w) = e−
1
2
(z w−zw) U(z)U(w), (11)
U(z)U(w) = ez w−zw U(w)U(z). (12)
2.2 Generalized Coherent Operator Based on su(1, 1)
Let us state generalized coherent operators and states based on su(1, 1).
We consider a spin K (> 0) representation of su(1, 1)  sl(2,C) and set its generators
fK+, K−, K3g ((K+)y = K−),
[K3, K+] = K+, [K3, K−] = −K−, [K+, K−] = −2K3. (13)
We note that this (unitary) representation is necessarily innite dimensional. The Fock
space on which fK+, K−, K3g act is HK  fjK,nijn 2 N [ f0gg and whose actions are
K+jK,ni =
√
(n + 1)(2K + n)jK,n+ 1i,
K−jK,ni =
√
n(2K + n− 1)jK,n− 1i, (14)
K3jK,ni = (K + n)jK,ni,
where jK, 0i is a normalized vacuum (K−jK, 0i = 0 and hK, 0jK, 0i = 1). We have
written jK, 0i instead of j0i to emphasize the spin K representation, see [4]. From (14),
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where (a)n is the Pochammer’s notation (a)n  a(a + 1)    (a + n − 1). These states




jK,nihK,nj = 1K . (16)
Now let us consider a generalized version of coherent states :
Definition We call a state
jzi = V (z)jK, 0i  ezK+−zK−jK, 0i for z 2 C. (17)
the generalized coherent state (or the coherent state of Perelomov’s type based on su(1, 1)
in our terminology).
This is the extension of (7). See the book [3].















(1− jζ j2)2 jζihζ j =
1∑
n=0
jK,nihK,nj = 1K , (18)
where











This is also the key formula for generalized coherent operators. See [3] or [8].






, K−  1
2









then it is easy to check
[K3, K+] = K+ , [K3, K−] = −K− , [K+, K−] = −2K3 . (22)
That is, the set fK+, K−, K3g gives a unitary representation of su(1, 1)with spin K =




fz(ay)2−za2g for z 2 C (23)
the squeezed operator, see the papers in [1] or the book [3].
2.3 Generalized Coherent Operator Based on su(2)
Let us state generalized coherent operators and states based on su(2).
We consider a spin J (> 0) representation of su(2)  sl(2,C) and set its generators
fJ+, J−, J3g ((J+)y = J−),
[J3, J+] = J+, [J3, J−] = −J−, [J+, J−] = 2J3. (24)
We note that this (unitary) representation is necessarily nite dimensional. The Fock
space on which fJ+, J−, J3g act is HJ  fjJ, nij0  n  2Jg and whose actions are
J+jJ, ni =
√
(n+ 1)(2J − n)jJ, n+ 1i,
J−jJ, ni =
√
n(2J − n + 1)jJ, n− 1i, (25)
J3jJ, ni = (−J + n)jJ, ni,
where jJ, 0i is a normalized vacuum (J−jJ, 0i = 0 and hJ, 0jJ, 0i = 1). We have written
jJ, 0i instead of j0i to emphasize the spin J representation, see [4]. From (25), states
jJ, ni are given by





These states satisfy the orthogonality and completeness conditions
hJ,mjJ, ni = δmn,
2J∑
n=0
jJ, nihJ, nj = 1J . (27)
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Now let us consider a generalized version of coherent states :
Definition We call a state
jzi = W (z)jJ, 0i  ezJ+−zJ−jJ, 0i for z 2 C. (28)
the generalized coherent state (or the coherent state of Perelomov’s type based on su(2)
in our terminology).
This is the extension of (7). See the book [3].













(1 + jηj2)2 jηihηj =
2J∑
n=0
jJ, nihJ, nj = 1J , (29)
where




eηJ+ jJ, 0i. (30)
In the process of the proof we use the disentangling formula :
ezJ+−zJ− = eηJ+elog(1+jηj
2)J3e−ηJ− = e−ηJ−e− log(1+jηj
2)J3eηJ+ . (31)
This is also the key formula for generalized coherent operators.
2.4 Schwinger’s Boson Method
Here let us construct the spin K and J representations by making use of Schwinger’s
boson method.
Next we consider the system of two-harmonic oscillators. If we set
a1 = a⊗ 1, a1y = ay ⊗ 1; a2 = 1⊗ a, a2y = 1⊗ ay, (32)
then it is easy to see
[ai, aj ] = [ai
y, ajy] = 0, [ai, ajy] = δij , i, j = 1, 2. (33)
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We also denote by Ni = ai
yai number operators.
Now we can construct representation of Lie algebras su(2) and su(1, 1) making use of
Schwinger’s boson method, see [4], [5]. Namely if we set
su(2) : J+ = a1








su(1, 1) : K+ = a1









su(2) : [J3, J+] = J+, [J3, J−] = −J−, [J+, J−] = 2J3, (36)
su(1, 1) : [K3, K+] = K+, [K3, K−] = −K−, [K+, K−] = −2K3. (37)
In the following we dene (unitary) generalized coherent operators based on Lie alge-
bras su(2) and su(1, 1).
Definition We again set
su(2) : W (z) = eza1
ya2−za2ya1 for z 2 C, (38)
su(1, 1) : V (z) = eza1
ya2y−za2a1 for z 2 C. (39)
For the details of W (z) and V (z) see [3] and [4].
Before ending this section let us ask a question.
What is a relation between (23) and (39) of generalized coherent operators based on
su(1.1) ?






)−1 = V (z), (40)
where Sj(z) = (23) with aj instead of a.
Namely, V (z) is given by \rotating" the product S1(z)S2(−z) by W (−pi4 ). This is an
interesting relation. See [7] or [11].
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3 Matrix Elements of Coherent and Generalized Co-
herent Operators    [16]
3.1 Matrix Elements of Coherent Operator
We list matrix elements of coherent operators U(z).
The Matrix Elements The matrix elements of U(z) are :
























In particular Lk  Lk(0) is the usual Laguerre’s polynomial and these are related to
diagonal elements of U(z).
3.2 Matrix Elements of Coherent Operator Based on su(1, 1)
We list matrix elements of V (z) coherent operators based on su(1, 1). In this case it is
always 2K > 1 (2K = 1 under some regularization).
The Matrix Elements The matrix elements of V (z) are :




(−κ)m−n(1 + jκj2)−K−n+m2 
n∑
j=0
(−1)n−j Γ(2K +m+ n− j)
Γ(2K)(m− j)!(n− j)!j! (1 + jκj
2)j(jκj2)n−j, (44)




κn−m(1 + jκj2)−K−n+m2 
m∑
j=0
(−1)m−j Γ(2K +m+ n− j)
Γ(2K)(m− j)!(n− j)!j! (1 + jκj
2)j(jκj2)m−j , (45)
where
κ  sinh(jzj)jzj z = cosh(jzj)ζ. (46)
8
The author doesn’t know whether or not the right hand sides of (44) and (45) could be
written by making use of some special functions such as generalized Laguerre’s functions
in (43). Therefore we set temporarily
Fm
(n−m)(x : 2K) =
m∑
j=0
(−1)m−j Γ(2K +m+ n− j)
Γ(2K)(m− j)!(n− j)!j! (1 + x)
jxm−j (47)
and Fm
(0)(x; 2K) = Fm(x; 2K).
3.3 Matrix Elements of Coherent Operator Based on su(2)
We list matrix elements of W (z) coherent operators based on su(2). In this case it is
always 2J 2 N.
Matrix Elements The matrix elements of W (z) are :








(2J −m− n + j)!(m− j)!(n− j)!j! (1− jκj
2)j(jκj2)n−j , (48)








(2J −m− n+ j)!(m− j)!(n− j)!j! (1− jκj
2)j(jκj2)m−j ,(49)
where
κ  sin(jzj)jzj z = cos(jzj)η. (50)
Here
∑
 means a summation over j satisfying 2J −m− n + j  0.
The author doesn’t know whether or not the right hand sides of (48) and (49) could
be written by making use of some special functions. We set temporarily
Fm




(2J −m− n+ j)!(m− j)!(n− j)!j! (1− x)
jxm−j (51)
and Fm
(0)(x; 2J) = Fm(x; 2J).
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4 Jaynes–Cummings Models in the Strong Coupling
Regime
In [14] Frasca treated so{called Jaynes{Cummings model and developped some method to
calculate Rabi frequencies in the strong coupling regime. We in this section generalize the
model and method, and show that Rabi frequencies in our extended model are given by
matrix elements of generalized coherent operators under the rotating{wave approximation.
This gives a unied approach to them.






















The Hamiltonian adopted in [14] is
(N) HN = ω12 ⊗ aya + 
2
σ3 ⊗ 1 + gσ1 ⊗ (ay + a) (53)
where ω is the frequency of the radiation mode,  the separation between the two levels
of the atom, g the coupling between the radiation eld and the atom.
Moreover we want to treat the following Hamiltonians (our extension)
(K) HK = ω12 ⊗K3 + 
2
σ3 ⊗ 1K + gσ1 ⊗ (K+ +K−), (54)
(J) HJ = ω12 ⊗ J3 + 
2
σ3 ⊗ 1J + gσ1 ⊗ (J+ + J−). (55)
To treat these three cases at the same time we set
fL+, L−, L3g =


(N) fay, a, Ng
(K) fK+, K−, K3g
(J) fJ+, J−, J3g
(56)
and
H = H0 + V = ω12 ⊗ L3 + 
2
σ3 ⊗ 1L + gσ1 ⊗ (L+ + L−) (57)
where we have written H instead of HL for simplicity.
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Mysteriously enough we cannot solve these simple models completely (maybe non{integrable),
nevertheless we have found these models have a very rich structure.
For these (non{integrable) models we usually have two perturbation approaches :
Weak Coupling Regime (0 < g  )
H0 = ω12 ⊗ L3 + 
2
σ3 ⊗ 1L, V = gσ1 ⊗ (L+ + L−). (58)
Strong Coupling Regime (0 <   g)
H0 = ω12 ⊗ L3 + gσ1 ⊗ (L+ + L−), V = 
2
σ3 ⊗ 1L. (59)
In the following we consider only the strong coupling regime (see [12] for the weak one).
First let us solve H0 which is a relatively easy task.









then we can diagonalize σ1 by using this H as σ1 = Wσ3W






























































H0 = (W ⊗ 1L) (ω12 ⊗ L3 + gσ3 ⊗ (L+ + L−)) (W−1 ⊗ 1L)
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= (W ⊗ 1L)

 ωL3 + g(L+ + L−)
ωL3 − g(L+ + L−)

 (W−1 ⊗ 1L).


























hλj ⊗ eλxω (L+−L−)
)
(60)
where we have used the following
Key Formulas For λ = 1 we have













where Ω = ω, x = g, (61)







where Ω = ω
√
1− (2g/ω)2, x = tanh−1(2g/ω), (62)







where Ω = ω
√
1 + (2g/ω)2, x = tan−1(2g/ω). (63)
The proof is not dicult, so we leave it to the readers. That is, we could diagonalize







, jλi ⊗ e−λgω (ay−a)jni
(K) Ω(K + n), jλi ⊗ e−λxω (K+−K−)jK,ni
(J) Ω(−J + n), jλi ⊗ e−λxω (J+−J−)jJ, ni
(64)
for λ = 1 and n 2 N [ f0g. For the latter convenience we set
Eigenvalues = En, Eigenvectors = jfλ, ngi. (65)






Enjfλ, ngihfλ, ngj. (66)
12












where we have set h = 1 for simplicity. To solve this equation we appeal to the method




Ψ = H0Ψ, (68)
which general solution is given by
Ψ(t) = U0(t)Ψ0 = e
−itH0Ψ0 (69)







e−itEn jfλ, ngihfλ, ngj. (70)
The method of constant variation goes as follows. Changing like Ψ0 −! Ψ0(t), we








y(σ3 ⊗ 1L)U0Ψ0. (71)





y(σ3 ⊗ 1L)U0, (72)
















eitΩ(m−n)hhmje 2λxω (L+−L−)jnii jfλ,mgihf−λ, ngj (73)












(L+−L−) in section 3 (z = z = 2λx
ω
).


























eitΩ(m−n)hhmje 2λxω (L+−L−)jnii jfλ,mgihf−λ, ngj. (75)
Noting
hhnje 2xω (L+−L−)jnii = hhnje− 2xω (L+−L−)jnii
by the results in section 3, HF
0








hhnje 2xω (L+−L−)jnii fjf1, ngihf−1, ngj+ jf−1, ngihf1, ngjg ,












hhnje 2xω (L+−L−)jniiσ jfσ, ψngihfσ, ψngj (76)
if we dene a new basis
jfσ, ψngi = 1p
2
(σjf1, ngi+ jf−1, ngi), σ = 1.
These states can be seen as so{called Schro¨dinger cat states, [17]. From these we have
jf1, ngi = 1p
2
fjf1, ψngi − jf−1, ψngig,
jf−1, ngi = 1p
2
fjf1, ψngi+ jf−1, ψngig.

















































































then we have a set of complicated equations with respect to fan,σg, see [14]. But it is



















































But we cannot still solve the above equations exactly (see Appendix), so let us make
so{called rotating{wave approximation. The resonance condition is
−(En,σ0 −Em,σ) + (m− n)Ω = 0 =) En,σ0 −Em,σ = (m− n)Ω (83)
for some σ and σ
0
, and we reject the remaining term in (82). Then we obtain simple
equations :
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Intraband Transition Case (σ = σ
0














































































jnii = R0 .
These are two Rabi frequencies as shown in the following. It is important that Rabi
frequencies in our models are given by matrix elements of coherent and generalized
coherent operators !




















































κn−m(1 + jκj2)−K−n+m2 Fm(n−m)(jκj2 : 2K)f1 + (−1)n−mg
(88)
























κn−m(1− jκj2)J−n+m2 Fm(n−m)(jκj2 : 2J)f1 + (−1)n−mg
(89)










From these we nd a constraint between m and n :
Interband Case n−m = 2N + 1 =) n = m+ 2N + 1 for N 2 N [ f0g,
Intraband Case n−m = 2N =) n = m+ 2N for N 2 N.
































































































We have obtained some solutions under the rotating{wave approximation. Now it may
be suited to compare our results with a recent experimental nding in [13], but this is
beyond our scope. See [14].
Let us conclude this section by a comment. Our ansatz (81) to solve the equation
is too restrictive. We want to use (80) to solve the equation, but it is very hard at this
stage.
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Problem Find more dynamic methods !
5 Discussion
One of motivations of this study is to apply our results to Holonomic Quantum Computa-
tion developped by Italian group (Pachos, Rasetti and Zanardi) and the author, see [18],
[19], [20], [21] and [22]|[26] and recent [27], [28].
In this theory we usually use the eective Hamiltonian of a single{mode eld of Kerr
medium
H0 = XN(N − 1), N = aya where X is a constant (92)
as a background and the real Hamiltonian is in one{qubit case given by
H(z, w) = W (z, w)H0W
−1(z, w) (93)
where W is a product of coherent operator U(z) and squeezed one S(w) in section 2. In
the above Hamiltonian H0 the zero{eigenvalue is two{fold degenerate whose eigenvectors
are j0i and j1i. We set jvaci = (j0i, j1i). Then we can construct a connection form A on
the parameter space f(z, w) 2 C2g as
A = hvacjW−1dW jvaci (94)




. By making use of this connection we can construct
a holonomy group Hol(A) ( U(2)) which is in this case equal to U(2). In Holonomic
Quantum Computation we use this holonomy group as unitary operations in Quantum
Computation. The point at issue is that we use not full property of the Hamiltonian but
only one of the zero{eigenvalue.





−1(σ3 ⊗ 1L)U0 where L = (N) or (K) or (J)
is very similar to (93). This system is always two{fold degenerate. Then a natural question
arises :
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Problem Is it possible to perform a holonomic quantum computation by combining
the systems f(N), (K), (J)g ?
This is a very interesting and challenging problem, [30].
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Appendix
On Equations (82)

























 for k = m, n
and






























because Ek,−σ = −Ek,σ.
We can give (95) a formal solution by innite series (called Dyson series in Theoretical
Physics). Then we meet secular terms.
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For example let us consider the following simple equation :
d
dt
a = eiωta with a(0) = c.










c et ω = 0
That is, we meet the secular term.
By the way, we have known how to handle (simple) secular terms called Renormaliza-
tion Group Methods, see for example [29]. At the moment we have not yet succeeded in
applying to (95), [30]. Therefore let us present
Problem Solve this matrix equation completely !
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